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Abstract: Profitability change can be decomposed into the product of a total factor productivity (TFP) 
index and an index of relative price change.  O’Donnell (2008) shows that the TFP index can be fur-
ther decomposed into an index of technical change and various indexes of efficiency change –  these 
indexes measure changes in productivity resulting from movements in the production frontier, move-
ments by firms towards the frontier, and movements by firms around the frontier to capture economies 
of scale and scope.   The O’Donnell decomposition methodology can be applied in any multiple-input 
multiple-output setting, it makes no assumptions concerning the optimising behaviour of firms or the 
degree of competition in product markets, and it only involves components that can be unambiguously 
interpreted as measures of either technical change or efficiency change.  This paper uses the method-
ology to decompose spatially- and temporally-transitive Lowe indexes of TFP change in U.S. agricul-
ture for the period 1960-2004.    To implement the methodology, data envelopment analysis (DEA) is 
used to estimate separate production frontiers for each of the ten farm production regions identified by 
the USDA Economic Research Service (ERS).  California and Florida are found to be the most profit-
able and productive states.   In most states, the main drivers of TFP change over the 45-year study pe-
riod appear to have been technical change and scale and mix efficiency change.  For example, Texas 
is found to have experienced a 40% increase in productivity due to technical change and a 32% in-
crease in productivity due to economies of scale and scope, resulting in an overall productivity in-
crease of 1.40   1.32 – 1 = 85%; in Tennessee, the combined effects of technical progress (122%), 
technical efficiency improvement (1%) and diseconomies of scale and scope (-24%) resulted in an net 
productivity increase of 2.22   1.01   0.76 – 1 = 70%. 
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1.   INTRODUCTION 
 
It is difficult to find any coherent estimates of the technical change and efficiency change components of indexes 
of U.S. agricultural productivity growth – some estimates of technical change and efficiency change are available 
(e.g., Morrison Paul and Nehring (2005); Morrison Paul, Nehring and Banker (2004)), but they are not coherent in 
the sense that they do not combine to yield valid productivity indexes; some recognisable productivity indexes 
have been decomposed into various components (e.g., Capalbo (1988)), but not all of these components have 
unambiguous  interpretations  as  measures  of  technical  change  or  efficiency  change.    The  unavailability  of  a 
coherent set of estimates of the technical change and efficiency change components of productivity growth can 
lead to poor public policy – policy-makers cannot properly assess whether the payoffs from improving the rate of 
technical progress (e.g., through increased R&D expenditure) are more or less likely to outweigh the payoffs from 
improving either levels of technical efficiency (e.g., through education and training programs) or scale and mix 
efficiency (e.g., by using taxes and subsidies to change relative prices).  This paper addresses the problem by 
decomposing productivity indexes for U.S. agriculture into an exhaustive set of recognisable measures of techni-
cal change, technical efficiency change, and scale and mix efficiency change.   
 
The  analysis  in  this  paper  is  conducted within  the  aggregate  quantity-price  framework  of  O'Donnell  (2008).  
O’Donnell  uses  carefully-defined  price  and  quantity  aggregates  to  demonstrate  that  profitability  change  (a 
measure of value change) can be decomposed into the product of a terms-of-trade index (a measure of price 
change) and a multiplicatively-complete total factor productivity (TFP) index (a measure of quantity change).  
Moreover, he shows  that  any  multiplicatively-complete  TFP  index  can be  exhaustively  decomposed  into  the 
product of measures of technical change and several meaningful measures of efficiency change.  Unlike some 
other TFP decomposition methodologies, the O'Donnell (2008) methodology does not depend on any assumptions 
concerning the technology, firm behaviour, or the level of competition in input or output markets.  The class of 
multiplicatively-complete TFP indexes includes the well-known Paasche, Laspeyres, Fisher, Tornquist and Hicks-
Moorsteen indexes, but not the Malmquist TFP index of Caves, Christensen and Diewert (1982).   
 
O'Donnell  (2010b)  shows  how  data  envelopment  analysis  (DEA)  methodology  can  be  used  to  compute  and 
decompose the distance-based Hicks-Moorsteen TFP index.  This paper shows how DEA can be used to decom-
pose price-based  Laspeyres,  Paasche, Fisher  and  Lowe  indexes.   Lowe  indexes  are especially  useful  for  the 
analysis of panel data because they are temporally and spatially transitive.  Other transitive index numbers are 
available, but these fail one or more important axioms from index number theory.  This paper illustrates the 
sensitivity of indexes of (the components of) TFP change to differences in the choice of TFP index number 
formula. 
 
The  paper  analyses  state-level  panel  data  obtained  from  the  Economic  Research  Service  (ERS)  of  the  U.S. 
Department of Agriculture (USDA).   Each observation is a record of the prices and quantities of three outputs 
(livestock, crops, other outputs) and four inputs (capital, land, labour, materials) in a particular state in a particular 
year. The panel comprises 2160 observations covering N = 48 states over the T = 45 years from 1960 to 2004.  
Further details concerning the construction of the data can be accessed from Ball, Hallahan and Nehring (2004).   
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The structure of the paper is as follows.  Section 2 summarises the aggregate quantity-price framework developed 
by O'Donnell (2008) for decomposing profitability change into its price change and quantity change components.  
This section explains that, for rational efficient firms, deteriorations in the (expected) agricultural terms-of-trade 
should lead to improvements in agricultural productivity.  It also explains why increased levels of economic 
integration can be expected to lead to convergence in rates of productivity growth.   A graphical illustration of 
these ideas reveals that steady increases in agricultural productivity in California and New Mexico have been 
offset by steady declines in the agricultural terms-of-trade, with the net result that profitability levels in these 
states have remained relatively stable. 
 
Section 3 discusses price-based index numbers that can be used for measuring TFP change.  The focus in this 
section is on a set of Lowe TFP indexes that satisfy all economically-relevant axioms and tests from index number 
theory.  A graphical illustration in this section reveals that Lowe indexes of productivity change in California are 
visually indistinguishable from Fisher indexes of the type computed by, for example, Alston et al. (2010) and Ball 
et al. (2004).  However, Lowe indexes of TFP change in New Mexico are quite different from Fisher indexes. 
 
Section 4 summarises the O'Donnell (2008) approach to decomposing TFP indexes into economically-meaningful 
measures of technical change (movements in the boundary of the production possibilities set), technical efficiency 
change (movements towards the boundary), and scale and mix efficiency change (movements around the bound-
ary to capture economies of scale and scope).  A graphical illustration reveals that the main drivers of productivity 
change in California and New Mexico have been technical change and scale and mix efficiency change. 
 
Sections 5 presents DEA problems for estimating levels of (and therefore changes in) pure technical, scale and 
mix efficiency in a way that is consistent with the construction of Paasche, Laspeyres, Fisher and Lowe TFP 
indexes.  The technical efficiency and scale efficiency problems are the standard output- and input-oriented linear 
programs discussed in, for example, Charnes et al. (1994).  The mix efficiency linear programming problem is a 
generalisation of the mix-efficiency problem developed by O'Donnell (2010b).  The illustration in this section 
shows how estimates of mix efficiency in New Mexico vary with different implicit choices of productivity index 
number formula.   
 
Sections 6 shows how DEA methodology can be used to estimate the maximum level of productivity possible 
using a production technology.  Like the mix efficiency estimates, these estimates of maximum productivity vary 
with different implicit choices of index number formula.  This section presents graphs of spatially- and tempo-
rally-transitive Lowe indexes of technical change in the Pacific and Southern Plains farm production regions.   
 
Section 7 presents a complete tabular summary of the output-oriented components of agricultural profitability and 
productivity change in each of the 48 contiguous states.  The index numbers presented in this section are both 
spatially and temporally transitive.  Among other things, they reveal that Oregon experienced the highest rate of 
productivity growth over the sample period, and Wyoming experienced the lowest.  Florida and California were 
consistently the most productive and profitable states. 
 




2.  THE COMPONENTS OF PROFITABILITY CHANGE 
 
O'Donnell (2008) uses an aggregate quantity-price framework to demonstrate that a simple index of profitability 
change can be written as the product of a terms-of-trade index and a multiplicatively-complete TFP index.  This 
section outlines the framework and draws two important implications for productivity analysis: first, if profitabil-
ity levels are constant, productivity change can be measured as the inverse of the change in the terms of trade; 
second,  irrespective  of  the  rate  of  technical  change,  variations  in  (expected)  input  and  output  prices  can  be 
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in period t.  O'Donnell (2008) defines the TFP of the firm as  / nt nt nt TFP Q X    where  () nt nt Q Q q    is an aggregate 
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the index that measures the TFP of firm n in period t relative to the TFP of firm m in period s is  
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where  , / ms nt nt ms Q Q Q    and  , / ms nt nt ms X XX    are output and input quantity indexes.   Thus, within this frame-
work, productivity growth is a measure of output growth divided by a measure of input growth, as usual.  O'Don-
nell  (2008)  uses  the  term multiplicatively-complete  to  refer  to  TFP  indexes  that  can  be  written  in  terms  of 
aggregate input and output quantities as in (1).  Examples include the well-known Laspeyres, Paasche, Tornquist 
and Fisher binary TFP indexes.  The Malmquist TFP index of Caves et al. (1982) is not multiplicatively-complete. 
 
Associated with any non-zero aggregate quantities are the aggregate prices  / nt nt nt nt P p q Q      and  /. nt nt nt nt W w x X        
Thus,  profit  can  be  written  nt nt nt nt nt P Q W X         and  profitability  can  be  written  /. nt nt nt nt nt PROF P Q W X    
Moreover, the index number that measures the profitability of firm n in period t relative to firm m in period s can 
be written   
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where  , / ms nt nt ms P P P    is an output price index,  , / ms nt nt ms W W W    is an input price index and  , , , / ms nt ms nt ms nt TT P W     
is a terms-of-trade index measuring output price change relative to input price change.  It is clear from equation 
(2) that if the reference and comparison firms receive the same prices for their outputs and pay the same prices for 
their inputs then the terms-of-trade index will take the value one and any changes in profitability will be plausibly 
attributed entirely to changes in TFP; if the two firms use the same inputs to produce the same outputs then any 
changes in profitability will be attributed entirely to changes in prices; and if profitability is constant then a TFP 
index can be computed as the inverse of the terms-of-trade index. 5 
 
This aggregate quantity-price framework can be used to provide important insights into the behaviour of rational 
profit-maximising multiple-input-multiple-output firms.  To illustrate, Figure 1 depicts the aggregate output and 
input of firm n in period t in two dimensional-aggregate quantity space (point A).  In this figure, the curved line 
passing through point E is the boundary of the set of all aggregate-output aggregate-input combinations that are 
technically feasible in period t.  The definition (1) means that the TFP of a firm operating at any point in aggregate 
quantity space is the slope of the ray from the origin to that point: for example, the TFP of the firm operating at 
point  A  is  / slope 0A, nt nt nt TFP Q X      and  the  TFP  of  the  firm  operating  at  point  E  is 
* * * / slope 0E. t t t TFP Q X      The solid line passing through point K in Figure 1 is an isoprofit line with slope 
/ nt nt WP    and intercept 
* /, nt nt P    and the fact that this line is tangent to the production frontier means that point K 
maximises profit at aggregate prices  nt P  and  . nt W    For the technology represented in Figure 1 (there are other 
technologies where this may not be true), the point of maximum profit will coincide with the point of maximum 
productivity if and only if the maximum TFP possible using the technology (the slope of the ray 0E) equals the 
inverse of the terms of trade (the slope of the isoprofit line).  This equality between the terms-of-trade and the 
level of maximum productivity is a characteristic of perfectly competitive markets and, in such cases, profits are 
zero.  Moreover, any rational efficient firm that has a benefit function that is increasing in net returns will be 
drawn away from the point of maximum productivity in response to an improvement in the terms of trade, to a 
point such as K or G.  The associated inequality between the terms-of-trade and the level of maximum productiv-
ity is a characteristic of non-competitive markets and, in such cases, profits are strictly non-zero.  Point G in 
Figure 1 is the profit maximising solution in the limiting case where all inputs are relatively costless. For rational 
efficient firms, the economically feasible region of production is the region of locally-decreasing returns to scale 
between points E and G.  Productivity levels fall and profits rise as rational efficient firms move optimally from 
point E to point G.  Conversely, productivity increases and profits fall as rational efficient firms respond optimally 
to a deterioration in their terms of trade. 
 
This inverse relationship between productivity and the terms of trade has two interesting implications.  First, it 
provides a rationale for microeconomic reform programs designed to increase levels of competition in agricultural 
output and input markets – deteriorations in the terms of trade that result from increased competition will tend to 
drive  firms  towards  points  of  maximum  productivity.    Second,  it  provides  an  explanation  for  the  observed 
convergence  in  rates  of  agricultural  productivity  growth  in  regions,  states  and  countries  that  are  becoming 
increasingly integrated and/or globalised – firms that strictly prefer more income to less and who face the same 
technology and prices will optimally choose to operate at the same point on the production frontier, they will 
make similar adjustments to their production choices in response to changes in the common terms of trade, and 
they will thus experience similar rates of productivity change.   
 
An empirical illustration of the inverse relationship between the terms-of-trade and agricultural productivity is 
provided in Figures 2 and 3.  The indexes depicted in Figure 2 measure changes in profitability (dPROF), total 
factor productivity (dTFP) and the terms of trade (dTT) in California over the period 1960 to 2004 (California 
1960 = 1)
2.  The indexes in Figure 3 measure changes in the same variables for New Mexico over the same period 
(California 1960 = 1).  Observe from both figures that deteriorations in the terms-of-trade have generally and 
                                                            
2  All computations were made using Version 2.0 of the DPIN software written by O'Donnell (2010a) and available at 
http://www.uq.edu.au/economics/cepa/dpin.htm. 6 
 
plausibly been associated with increases in productivity.  Significant reductions in profitability levels in both 
states in the early 1980s were due to the fact that productivity improvements were not enough to offset significant 
deteriorations in the agricultural terms-of-trade.   
 
 
3.   LOWE TFP INDEXES   
 
O'Donnell (2008) explicitly identifies the non-decreasing linearly homogeneous aggregator functions that under-
pin Laspeyres, Paasche, Fisher, Tornquist, Hicks-Moorsteen and Konus-type price, quantity and TFP indexes.  
Unfortunately, these indexes are generally unsuitable for inter-temporal and inter-spatial comparisons of produc-
tivity because they violate at least one important axiom or test from index number theory.  This paper uses a very 
simple linear aggregator function to obtain TFP indexes that satisfy most, if not all, economically-relevant index 
number axioms and tests.  Specifically, the paper aggregates outputs and inputs using the functions 
 
(3)    ( , ) nt nt Q q p p q          and     ( , ) nt nt X x w w x       
 
where p and w are pre-determined firm- and time-invariant reference prices.  The associated indexes that measure 
the output quantity, input quantity and TFP of firm n in period t relative to firm m in period s are: 
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These indices are ratios of the values of different baskets of goods evaluated at the same set of reference prices.  
They are a type of Lowe index, named after Lowe (1823).  Details concerning the properties and widespread use 
of Lowe price and quantity indexes can be accessed from Balk and Diewert (2003) and  Hill (2008).   Importantly, 
any pair of price vectors may be used as reference prices in (4) to (6), including hypothetical vectors.  In this 
paper, reference prices are formed as non-zero linear functions of the prices observed in the dataset. 
 
Lowe indices satisfy a number of important axioms and tests.  To avoid repetition, most of the following discus-
sion is couched in terms of the Lowe output quantity index (4).  Analogous results are available for the input 
quantity index (5) and the TFP index (6).       
 





3:  ( , , ) ( , , ) ms ik ms nt Q q q p Q q q p    if  ik nt qq    and  ( , , ) ( , , ) ik nt ms nt Q q q p Q q q p    if  . ik ms qq     
A.2  Linear homogeneity:  ( , , ) ( , , ) ms nt ms nt Q q q p Q q q p        for  0.      
A.3  Identity:  ( , , ) 1. nt nt Q q q p     
A.4  Homogeneity of degree 0:  ( , , ) ( , , ) ms nt ms nt Q q q p Q q q p        for  0.      
A.5  Commensurability: 
1 ( , , ) ( , , ) ms nt ms nt Q q q p Q q q p
           where    is a diagonal matrix with diagonal 
elements strictly greater than 0. 
A.6  Proportionality:  ( , , ) ms ms Q q q p        for  0.      
 
It also satisfies the following tests: 
 
T.1  Transitivity (or circular) test:  , , , . mt nt mt hr hr nt Q Q Q     
T.2  Product test:  , , , /. ms nt nt nt ms ms ms nt ms nt R p q p q P Q         
T.3  Time and space reversal test:  ,, 1/ . ms nt nt ms QQ    
 
Axioms A.1 to A.6 are important if an index number is to be useful for economic analysis: the monotonicity 
axiom requires that the index increases with increases in any element of the comparison vector  nt q  and/or any 
decreases in any element of the reference vector  ; ms q  linear homogeneity means that a proportionate increase in 
the comparison vector will cause the same proportionate increase in the index; the identity axiom means that if the 
comparison and reference vectors are identical then the index number takes the value 1; homogeneity of degree 0 
means that multiplication of the comparison and reference vectors by the same constant will leave the index 
number unchanged; commensurability means that a change in the units of measurement of an output (e.g., from 
kilograms to tonnes) does not change the value of the index; and proportionality means that if the comparison 
vector is proportionate to the reference vector then the index number is equal to the factor of proportionality.    
 
Tests T.1 to T.3 are arguably just as important as the axioms: the transitivity test says the index number that 
directly compares the outputs of a comparison firm/period with the outputs of a reference firm/period is identical 
to the index number computed when the comparison is made through an intermediate firm/period;  the product test 
says that a value index can be decomposed into the product of a price index and a quantity index; and the time and 
space reversal test requires that the index number comparing the outputs of a comparison firm/period with the 
outputs  of  a  reference  firm/period  is  the  inverse  of  the  index  number  obtained  when  the  output  vectors  are 
interchanged.  Recall from the previous section that, in the O'Donnell (2008) aggregate price-quantity framework, 
the aggregate output price  / nt nt nt nt P p q Q      is constructed in a way that guarantees the product test is satisfied for 
all multiplicatively-complete TFP indexes and their associated implicit terms-of-trade indexes. 
 
Any number of price vectors can be used as the reference price vector in (4), so there are infinitely many Lowe 
indexes  ( , , ) ms nt Q q q p  that satisfy A.1 to A.6 and T.1 to T.3.   On the input side, any number of vectors can be 
used as the reference price vector in (5).     Examples include the following reference price pairs: 
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Every pair of reference prices defines a different type of Lowe index satisfying A.1 to A.6 and T.1 to T.3.  Some 
vectors may be more useful in some empirical contexts than in others.  For example, the period-t mean prices in 
(8) are likely to be useful in applications where prices are strongly trending and the only interest is in multilateral 
comparisons of the outputs and inputs of firms in period t.   In this paper, where prices may be trending and there 
is  interest  in  both  inter-temporal and  inter-spatial  comparisons,  Lowe  TFP  indexes  are  computed  using  the 
reference prices in (10). 
 
For the empirical application in this paper, the particular attraction of Lowe indices is that they are both tempo-
rally and spatially transitive.  An alternative method for constructing transitive indexes is to compute intransitive 
binary indices and then apply a geometric averaging procedure proposed by Elteto and Koves (1964) and Szulc 
(1964).   For example, if the binary index  , ms nt Q  is intransitive then the so-called EKS solution to the transitivity 
problem is to compute  
 










      
 
Ball et al. (2004) have applied this method to binary Fisher indexes to obtain a panel of transitive TFP indexes for 
U.S. agriculture.  Unfortunately, index numbers constructed using (11) fail the identity axiom A.3.  
 
To illustrate the differences between Lowe and EKS-type transitive indexes, Figure 4 shows measures of agricul-
tural TFP in California (CA) and New Mexico (NM) relative to California in 1960.   The dotted lines in this figure 
are computed by applying the EKS procedure to binary Fisher indexes, and the solid lines are the Lowe indexes 
defined by (6) where the reference vectors p and w are the sample mean prices given by (10) (these Lowe indexes 
were depicted earlier in Figures 2 and 3).  Note that the EKS-Fisher and Lowe indexes reveal a similar pattern of 
productivity change in New Mexico
4, but the EKS-Fisher index is significantly higher than the Lowe index.  The 
Lowe TFP index is the preferred index because, not only is it transitive, it also satisfies the identity axiom and is 
multiplicatively-complete.  The following section describes how multiplicatively-complete TFP indexes can be 




                                                            
4 The correlation coefficient is 0.99.  The correlation coefficient between Lowe and EKS-Fisher indexes of TFP change for all states in all time 
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4.  THE COMPONENTS OF TFP CHANGE 
  
O'Donnell (2008) has shown that any multiplicatively-complete TFP index can be decomposed into measures of 
technical change and various measures of efficiency change.  Among the efficiency change components are input- 
and output-oriented measures of technical, scale and mix efficiency change.    
 
The O'Donnell (2008) decomposition methodology involves identifying points of economic interest in aggregate 
quantity space.  For illustrative purposes, consider a two-output technology with firm n in period t producing the 
output vector  12 ( , ) nt nt nt q q q     .   Let  12 ( , ) nt nt nt p p p      be the associated vector of output prices and, for a simple 
exposition that is consistent with the Lowe indexes presented in Figure 4, let outputs be aggregated using the 
Lowe output aggregator function (3) defined over reference price vector  12 ( , ) . p p p        Figure 5 depicts measures 
of technical, mix and revenue-allocative efficiency for this firm in output space: the curved line passing through 
points V and R is the familiar production possibilities frontier; the solid line passing through point R is an 
isorevenue line with slope  12 / nt nt pp    and intercept 
*
2 /; nt nt nt p q p    and the dashed line passing through point A is 
an iso-aggregate-output line with slope  12 / pp    and intercept  2 / nt Qp .  For the firm producing  , nt q  maximising 
output while holding the output mix fixed involves a move from point A to point C, and an increase in the 
aggregate output from  nt Q  to  ; nt Q   maximising revenue without any restrictions on the output mix involves a 
move to point R and an increase in the aggregate output to  ; nt Q
 
 and maximising output without any restrictions on 
the output mix involves a move to point V and an increase in the aggregate output to  ˆ . nt Q   Associated measures of 
efficiency are the Farrell (1957) output-oriented measure of technical efficiency  /, nt nt nt OTE Q Q     the common 
measure of revenue-allocative efficiency  /, nt nt nt RAE Q Q  
 
 and the O'Donnell (2008) measure of output-oriented 
mix efficiency,  ˆ /. nt nt nt OME Q Q       
 
Figure 6 maps the points A, C, R and V from Figure 5 into aggregate quantity space.  In this figure, the curved 
line passing through point C is what O'Donnell (2008) refers to as a mix-restricted frontier – the boundary of the 
set of all technically-feasible aggregate input-output combinations that have the same input and output mix as the 
firm operating at point A.  The curved line passing through points V and E is the unrestricted production frontier 
depicted earlier in Figure 1 – it is the boundary of the production possibilities set when all mix restrictions are 
relaxed.    Recall  that  the  maximum  TFP  that  is  possible  using  this  technology  is  the  TFP  at  point  E: 
* * * / slope 0E. t t t TFP Q X      O'Donnell (2008) defines TFP efficiency to be the difference between observed TFP 
and the TFP at this so-called point of maximum productivity (MP):  
 









    
 
It is clear from Figure 6 that TFP efficiency can be decomposed as: 
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or, in terms of aggregate outputs and inputs,  
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or, in terms of measures of efficiency, 
 
(15)    nt nt nt nt TFPE OTE RAE RSME        
 
where  slope0R/slope0E nt RSME    denotes revenue-scale-mix efficiency (a measure of the difference between 
TFP at a revenue-allocatively efficient point and TFP at the point of maximum productivity).  There are as many 
economically-meaningful  decompositions  of  TFP  efficiency  as  there  are  economically-meaningful  points  in 
aggregate quantity space.  For example, O'Donnell (2008) considers the alternative output-oriented decomposi-
tions: 
 
(16)    nt nt nt nt TFPE OTE OSE RME        
(17)    nt nt nt nt TFPE OTE OME ROSE        
 
where  slope0C/slope0D nt OSE    is the common measure of output-oriented scale efficiency (a measure of the 
difference between TFP at a technically efficient point and the maximum TFP possible holding the output- and 
input mixes fixed);  slope0V/slope0E nt ROSE    denotes residual output-oriented scale efficiency (a measure of 
the  difference  between  TFP  at  a  mix-efficient  point  and  the  point  of  maximum  productivity);  and 
slope0D/slope0E nt RME    denotes residual mix efficiency (a measure of the difference between TFP at a scale-
efficient point and the point of maximum productivity).   
 
Multiplicatively-complete  TFP  indexes  can  be  conveniently  decomposed  by  rearranging  equation  (12)  as 
* . nt t nt TFP TFP TFPE      An analogous equation holds for firm m in period s.  Thus, the TFP index of firm n in 
period t relative to firm m in period s can be written  
 









      
         
     
 
 
The first term in parentheses is a measure of the difference in the maximum productivity possible in the two 
periods and is a natural measure of technical change.  Thus, equation (18) reveals that TFP change can be exhaus-
tively decomposed into a measure of technical change and a measure of efficiency change (O’Donnell, 2008).  
Equations (15) to (17) can be used to further decompose the efficiency change component into any number of 
meaningful measures.  For example, any multiplicatively-complete TFP index can be decomposed into measures 
of technical change, technical efficiency change, and a combined measure of scale and mix efficiency change: 
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 (19)  
*
, *
nt t nt nt
ms nt
ms ms ms s
TFP TFP OTE OSME
TFP
TFP OTE OSME TFP
         
            
         
 
 
where  nt nt nt OSME OSE RME     denotes  output-oriented  scale-mix  efficiency  (a  move  from  the  technically-
efficient point C in Figure 2 to the point of maximum productivity E).   
 
An empirical illustration of the particular decomposition given by (19) is provided in Figures 7 and 8, where 
changes in agricultural TFP in California and New Mexico have been (exhaustively) decomposed into technical 
change (dTech), output-oriented technical efficiency change (dOTE), and output-oriented scale-mix efficiency 
change (dOSME) components.  It is evident from these figures that the main long-term driver of TFP change in 
these states has been technical change, and the main short-term driver has been scale and mix efficiency change.  
The next two sections show how data envelopment analysis (DEA) was used to identify these efficiency change 
and technical change components.   
    
 
5.    TECHNICAL, SCALE AND MIX EFFICIENCY 
 
The full menu of data envelopment analysis (DEA) and stochastic frontier analysis (SFA) methods are available 
for estimating the production frontiers depicted in Figures 5 and 6, and for identifying technically, scale and mix 
efficient points.  O'Donnell (2010b) shows how DEA can be used to estimate the frontier and identify measures of 
output- and input-oriented mix efficiency associated with a distance-based Hicks-Moorsteen TFP index.  This 
section  shows  how  DEA  can  be  used  to  obtain  the  measures  of  mix  efficiency  associated  with  price-based 
Paasche, Laspeyres, Fisher and Lowe TFP indexes.  This section reveals that in the case of the Paasche TFP index 
the output- and input-oriented measures of mix efficiency are identical to well-known measures of revenue- and 
cost-allocative efficiency.   
 
A useful starting point is a well-known DEA problem for estimating measures of technical and scale efficiency.  If 
the technology exhibits variable returns to scale then the inverse of the Farrell (1957) output-oriented measure of 
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If the constraint (20d) is relaxed then the estimated technology will exhibit constant returns to scale.   Estimates of 
output-oriented scale efficiency are computed by taking the ratio of the technical efficiency scores estimated under 
these alternative returns to scale assumptions.   12 
 
 
To compute a measure of output-oriented mix efficiency it is convenient to first write the linear program (20) in 
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where  Q(.)  is  any  non-decreasing  linearly-  homogeneous  output  aggregator  function.      The  equivalence  of 
problems (20) and (21) can be established by substituting constraint (21e) into the objective function (21a) and 
noting that, since the aggregator function is linearly homogeneous,  ( )/ ( ) . nt nt Q q Q q         Writing (20) in the form 
of (21) is useful because constraint (21e) makes it explicit that output-oriented technical efficiency is a measure of 
the maximum increase in TFP (or aggregate output) that is possible while holding the input level (and therefore 
the aggregate input) and the output mix fixed.  Moreover, it suggests that an estimate of the output-oriented mix 
efficiency of firm n in period t (OMEnt) can be obtained by simply relaxing the mix constraint (21e).  The DEA 










(22e) , 0 for  1,...,  and  1,...,











Q Q Q z Q q
zq
xx



















Unlike the solution to the technical efficiency problem (20), the solution to the mix efficiency problem (22) 
depends on the choice of aggregator function.  If interest lies in identifying the output-oriented mix efficiency 
change component of a particular multiplicatively-complete TFP index, then the aggregator function should be the 
function that underpins that index.  For example, if the TFP index is a simple Paasche index then the aggregator 
function should be  () nt Q q p q      and the objective function (22a) becomes 
 
,
ˆ (22a') / max / nt nt nt nt nt z Q Q p z p q
 
      
 13 
 
Note that the optimised value of this particular objective function will be the ratio of maximum revenue to 
observed revenue – the inverse of the common measure of revenue efficiency (REnt).  Thus, the output-oriented 
mix efficiency component of a binary Paasche TFP index is the standard measure of revenue-allocative efficiency: 
OMEnt = RAEnt = REnt/OTEnt.   
 
In this paper the TFP index is the Lowe index given by (6), underpinned by the aggregator function (3).  To 
estimate mix-efficiency in a manner consistent with the computation of this TFP index, the objective function 
(22a) should be replaced with: 
 
,
ˆ (22a") / max / nt nt nt z Q Q p z p q
 
       
 
Similar problems are available for identifying the output-oriented mix efficiency levels associated with Laspeyres 
indexes,  and  for  computing  DEA  estimates  of  input-oriented  technical  efficiency  (ITE),  input-oriented  mix 
efficiency (IME), cost efficiency (CE) and cost-allocative efficiency (IME = CAE = CE/ITE) associated with 
Paasche, Laspeyres and Lowe indexes.  The efficiency components of the Fisher index can be computed as the 
geometric average of the Laspeyres and Paasche measures. 
 
To illustrate the computation of these measures, and the fact that the solution to the mix efficiency problem 
depends on the choice of aggregator function, output- and input-oriented measures of technical, scale and mix 
efficiency for New Mexico are presented in Figures 9 and 10.  In Figure 9, the dashed and dotted lines labelled 
OME-L and OME-P are measures of output-oriented mix efficiency obtained using the Laspeyres and Paasche 
aggregator functions  () ms Q q p q       and  () nt Q q p q      respectively; the solid line labelled OME-F is the Fisher 
measure obtained as the geometric average of the Laspeyres and Paasche measures; and the solid line labelled 
OME is the measure obtained using the Lowe output aggregator function in (3) and the reference output price in 
(10).  The corresponding input-oriented measures are presented in Figure 10.  The transitive Lowe measures of 
input- and output-oriented mix efficiency both differ significantly from the intransitive Fisher measures, and this 
partly explains the divergence between the Fisher and Lowe TFP indexes depicted in Figure 4.   
   
 
6.    MAXIMUM PRODUCTIVITY AND THE RATE OF TECHNICAL CHANGE 
 
The  maximum  TFP  possible  using  the  production  technology  is  the  TFP  at  point  E  in  Figure  1:  
* * * / slope 0E. t t t TFP Q X      Points of maximum productivity can be estimated using a DEA problem that is 
closely related to problem (22).   Problem (22) allows outputs to vary freely but holds the input vector fixed.  The 
point of maximum productivity is estimated by solving a less restrictive problem that allows both inputs and 
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where the constraint (23d) is a normalising constraint that plays the same role as a normalising constraint in the 
dual form of the output-oriented technical efficiency problem (20).    Again, the solution to problem (23) depends 
on the choices of input and output aggregator functions.  Again, if interest centres on identifying the technical 
change component of a multiplicatively-complete TFP index then the aggregator functions and prices should be 
those that underpin that index. For example, if the TFP index is the Paasche index then the objective function 
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In this case, the optimised value of the objective function is the maximum profitability that can be achieved by 
firm n in period t.   This level of maximum profitability is of considerable economic interest, but not for purposes 
of measuring technical change – as a measure of technical change it is implausible because it varies with observed 
prices even when the production possibilities set represented by constraints (23b) and (23c) remains unchanged.  
Laspeyres and Fisher TFP indexes also contain technical change components that vary even when the technology 
is fixed.  In contrast, the technical change component of the Lowe TFP index is robust to differences in the prices 
faced by different firms.  If the TFP index is a Lowe index defined over reference vectors  p  and  w  then (23a) 
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and the associated measure of technical change is plausibly identical for every firm.   
 
The estimates of technical change are identical for all states that face the same production technology.  In this 
paper, ten separate variable returns to scale production technologies have been estimated for the ten farm produc-
tion regions identified by the USDA ERS.  A list of the states in each region is provided in Table 1.   Note that 
California is assumed to face a “Pacific” production technology while New Mexico is assumed to face a “Moun-
tain” production technology.   Estimates of the maximum productivity possible in California and New Mexico are 
represented by the (different) technical change indexes (dTECH) depicted in Figures 7 and 8.   These indexes are 
transitive indexes formed by dividing the estimated maximum TFP in each region in each time period by the 
estimated maximum TFP in the Pacific region in 1960. 15 
 
 
Variations  in  levels  of  maximum  productivity  are  due  to  inward  and  outward  movements  in  the  production 
frontier in the region of local constant returns to scale (point E in Figure 1).  A common view is that these 
movements are due to variations in technical know-how.  O'Donnell (2010b)  takes a broader view of technical 
change and attributes movements in the production frontier to variations in any factors that are not accounted for 
by the input and output variables in the data set.  Aside from the stock of scientific and technical knowledge, these 
“environmental” factors may include anything from measures of soil quality to seasonal conditions – if environ-
mental factors are favourable for agricultural production then the maximum output possible using any given level 
of included inputs will be higher than the maximum output possible when environmental conditions are poor.   
Cross-sectional patterns of variation in environmental factors have been partially accounted for in this paper by 
estimating separate production frontiers for each of the ten ERS regions listed in Table 1. To account for varia-
tions in environmental factors over time, these technologies have been estimated using DEA models that allow for 
a small amount of technical regress.   This involves using a moving window of observations to estimate the 
technology in each region.  For example, the Pacific region production technology has been estimated using a 
moving five-year window of observations, while the Mountain region production technology has been estimated 
using a two-year window.  The size of the window was determined by the number of states in each region and 
reflects a desire to estimate each regional frontier using at least twice as many observations as there are input and 
output variables in the dataset.  The final column in Table 1 is the size of the window used to estimate the tech-
nology in each region.  The estimated rate of technical change in New Mexico and other Southern Plains states is 
lower than in California and other Pacific states partly because large windows have the effect of dampening 
estimated rates of technical change – as the size of the window approaches the time-series dimension of the data 
set the estimated rate of technical change will approach zero and any productivity change will be attributed 
entirely to efficiency change. 
 
 
7.   ESTIMATES OF THE COMPONENTS OF PROFITABILITY AND PRODUCTIVITY CHANGE 
 
This section reports a complete and coherent panel of estimates of the components of state-level agricultural 
profitability and productivity change.   
 
The indexes reported in Table 2 compare levels of profitability in each state with the level of profitability in 
California in 1960.  This table can be used to make both inter-spatial and inter-temporal comparisons: for exam-
ple, the element in the FL column in the first row reveals that the level of profitability in Florida in 1960 was 23% 
higher than in California, making it the most profitable agricultural state at that time; the last row reveals that the 
level of profitability in Florida in 2004 was 3% lower than it had been in California in 1960; the first and last 
elements in the FL column together reveal that profitability in Florida in 2004 was 21% lower than it had been in 
1960 (0.969/1.234 = 0.785); and the first and last elements in the GA column reveal that Georgia experienced a 
26.3% increase in profitability over the sample period (0.924/0.732 = 1.262), the largest increase of any state. 
 
Associated with the profitability indexes reported in Table 2 are panels of TFP indexes and indexes measuring 
changes in the terms of trade.  The productivity indexes are reported in Table 3; the terms-of-trade indexes are not 
reported but can be easily derived from Tables 2 and 3 using equation (2).  Again, the indexes reported in Table 3 16 
 
can be used to make both inter-temporal and inter-spatial comparisons.  For example, it is evident that California 
and Florida were the most productive states throughout the sample period; Wyoming was the least productive 
state; Oregon experienced the largest increase in productivity (1.603/0.514 = 3.11); and Wyoming experienced the 
lowest increase in productivity (0.591/0.417 = 1.417).   
 
The indexes reported in Table 4 are indexes of technical change in each of the ERS farm production regions (Base 
= Pacific in 1960).   These indexes reveal that the regions with highest potential productivity over the sample 
period were the Southeast region (1960-1979, 1999-2004) and the Pacific region (1980-1998).  Between 1960 and 
2004, the maximum productivity possible using the technology available in the Mountain region increased by 
140% (1.548/0.645 = 2.4), higher than any other region; the maximum productivity in the Southern Plains region 
increased by only 40% (0.957/0.684 = 1.4), a smaller increase than any other region.   These relativities partly 
reflect the window lengths discussed in Section 6. 
 
The indexes reported in Table 5 measure output-oriented technical efficiency levels in each state and year relative 
to California in 1960.  It happens that California is estimated to have been fully technically efficient in 1960, so 
the indexes in Table 5 can also be viewed as efficiency scores.  Thus, for example, the index numbers in the CT 
column indicate that Connecticut was only 91% technically efficient in 1960 (from an output-oriented perspec-
tive), and did not become fully technically efficient until 1981.  When assessing the estimates reported in Table 5, 
it is useful to bear in mind that technical efficiency is a measure of the distance between an observed data point 
and a point on the production frontier.  Thus, variations in technical efficiency scores will reflect variations in 
productive performance as well as variations in the position of the frontier.  Productive performance will vary as 
more or fewer mistakes are made during the production process (e.g., mistakes in the timing of farm operations, 
such as planting and harvesting), while the position of the frontier will vary with the environmental variables 
discussed in Section 6. 
 
The indexes reported in Table 6 measure changes in scale and mix efficiency relative to California in 1960.  The 
index number at the intersection of the first row and the KS column indicates that Kansas was 12.3% more scale 
and mix efficient than California in 1960.   However, by 2004 California was 12.9% more scale and mix efficient 
than Kansas (1.123/0.995 = 1.129).  In 2004, the most scale and mix efficient states were California, Idaho, 
Illinois, Minnesota, Nebraska and Texas.  The least scale and mix efficient state was West Virginia.    
 
Finally, it is useful to remember that the technical change and efficiency change estimates reported in Tables 4, 5, 
and 6 combine to yield the indexes of productivity change reported in Table 3.  To illustrate, the Southern Plains 
column in Table 4 and the TX columns in Tables 5 and 6 reveal that Texas experienced a 40% increase in 
productivity due to technical change (0.957/0.684 = 1.399), no increase in productivity due to improvements in 
technical efficiency, and a 32% increase in productivity due to economies of scale and scope (1.123/0.849 = 
1.323), resulting in an overall productivity increase of 1.399   1.323 – 1 = 85% (in Table 3, 1.075/0.581 = 1.85); 
in Tennessee, the combined effects of technical progress (122%), technical efficiency improvement (1%) and 




7.   CONCLUSION 
 
This paper extends the work of O'Donnell (2008) and O'Donnell (2010b) by developing and applying methodolo-
gy for decomposing price-based multiplicatively-complete TFP index numbers.  This class of index numbers 
includes Laspeyres, Paasche, Fisher and Lowe TFP indexes.  The decomposition is exhaustive in the sense that all 
the components of these indexes can be unambiguously interpreted as measures of technical change or efficiency 
change.  The efficiency change components include familiar measures of technical and scale efficiency change, as 
well as the O'Donnell (2008) measure of mix-efficiency change.  The paper explains that rational efficient firms 
will be tend to move around the boundary of the production possibilities in response to changes in (expected)  
input and output prices.  In the case of general but regular production technologies, these movements lead to 
changes  in  productivity  as  firms  experience  economies  or  diseconomies  of  scale  or  scope.    These  ideas  are 
illustrated using state-level data on US agricultural inputs and outputs.  The results suggest that the main driver of 








           












Figure 2.  Indexes Measuring Changes in Profitability, TFP and the Terms 
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Figure 3.  Indexes Measuring Changes in Profitability, TFP and the Terms 









Figure 4.  Indexes of TFP Change: California and New Mexico relative 
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Figure 10.  Input-Oriented Technical Efficiency, Scale Efficiency and Mix Efficiency – New Mexico. 
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